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ABSTRACT
To study phenomena of plasmas around rotating black holes, we have derived
a set of 3+1 formalism of generalized general relativistic magnetohydrodynamic
(GRMHD) equations. Especially, we investigated general relativistic phenomena
with respect to the Ohm’s law. We confirmed the electromotive force due to
the gravitation, centrifugal force, and frame-dragging effect in plasmas near the
black holes. These effects are significant only in the local small-scale phenomena
compared to the scale of astrophysical objects. We discuss the possibility of
magnetic reconnection, which is triggered by one of these effects in a small-
scale region and influences the plasmas globally. We clarify the conditions of
applicability of the generalized GRMHD, standard resistive GRMHD, and ideal
GRMHD for plasmas in black hole magnetospheres.
Subject headings: plasmas, general relativity, methods: analytical, galaxies: ac-
tive, galaxies: jets, galaxies: magnetic fields, galaxies: nuclei
1. Introduction
Numerical simulations of general relativistic magnetohydrodynamics (GRMHD) have
revealed a number of interesting and important physics of plasmas in black hole magneto-
spheres with respect to formation of relativistic jets from active galactic nuclei (AGNs), micro
quasars (µQSOs), and gamma-ray bursts (GRBs) (Koide et al. 1998, 1999, 2000; Koide 2004;
Koide et al. 2006; Gammie et al. 2003; McKinney 2006). All of these GRMHD simulations
were performed within an assumption of zero electric resistivity (ideal GRMHD). An order es-
timation of the global plasma variables with respect to accretion disks around almost all kinds
of black holes suggested validity of the ideal GRMHD (McKinney 2004). On the other hand,
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all long-term GRMHD simulations of jet formation in black hole magnetospheres showed
artificial appearance of magnetic islands, which are caused through magnetic reconnections
due to numerical resistivity. In spite of the numerical inconsistency, these numerical results
clearly suggested spontaneous formation of anti-parallel magnetic configuration, where mag-
netic reconnection is caused easily in the black hole magnetospheres. The magnetic reconnec-
tion would change the global magnetic configuration drastically and influence the global dy-
namics of plasmas around the black holes. Thus, calculations including resistivity, the cause
of magnetic reconnection, are required. In this aspect, special relativistic magnetohydrody-
namics (sRMHD) with electric resistivity (resistive sRMHD) has been utilized to mimic the
relativistic magnetic reconnection (Watanabe et al. 2006). Also, resistive GRMHD has been
discussed by several authors (Bekenstein & Oron 1978; Khanna & Camenzind 1994, 1996a,b;
Kudoh & Kaburaki 1996), and applied to accretion disks around Kerr (i.e., rotating) black
holes. In both resistive sRMHD and GRMHD, the authors have used the standard Ohm’s
law. In spite of the mathematical consistency of the resistive sRMHD and GRMHD with the
standard Ohm’s law (standard sRMHD/GRMHD), we should use the results of these calcu-
lations carefully, because causality is broken and artificial wave instability is caused because
of the usage of the standard Ohm’s law (Koide 2008). To guarantee causality with electric
resistivity, we have to use generalized sRMHD or GRMHD including the generalized rela-
tivistic Ohm’s law (Koide 2008, 2009). The generalized GRMHD equations were introduced
on the basis of the two-fluid approximation of plasma in the Kerr metric by the pioneer,
Khanna (1998). More generalized equations from the general relativistic Vlasov-Boltzmann
equation in time-varying space-time were formulated by Meier (2004). With respect to the
generalized sRMHD equations derived from relativistic two-fluid equations, it was proved
that causality is satisfied for the pair plasma whose plasma parameter is much greater than
unity (Koide 2008). Koide (2009) extended these generalized sRMHD equations of a pair
plasma to those of any two-component plasmas including not only the pair plasma but also
the electron-ion plasma. These generalized sRMHD equations of Koide (2008, 2009) revealed
special relativistic basic phenomena of plasmas.
In this paper, we extend the generalized sRMHD equations of Koide (2008, 2009) to
general relativistic version to investigate the distinctive phenomena of plasmas in the black
hole magnetospheres. Comparing the generalized GRMHD equations suggested by Koide
(2009) with those derived by Meier (2004), we found that we should not use the assumption
of the infinitely small difference of the variables with respect to the enthalpy introduced
by Koide (2009). We also found that the condition of 4-velocity, which is a null vector,
is automatically satisfied when we use the appropriate definitions of the mass density and
4-velocity for the one-fluid approximation. Now, the generalized GRMHD equations are
derived without the sever restrictions as those used in Koide (2009). This means that the
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generalized GRMHD equations presented here are identical to the general relativistic two-
fluid equations mathematically. Concerning the comparison with Meier (2004), we found
good correspondence between our GRMHD equations and those derived by Meier (2004),
while they are not identical (see Section 4). To clarify and evaluate the distinctive nature
of the plasmas around black holes, we derive a 3+1 formalism of the generalized GRMHD
equations in a fixed space-time around rotating black holes. Especially, we concentrate on
the distinctive properties suggested by the generalized Ohm’s law of plasmas around rotating
black holes. We also found that this 3+1 formalism corresponds to the equations derived
by Khanna (1998) excellently when we consider a cold plasma, where the pressure is much
smaller than the rest mass energy density. The 3+1 formalism of the generalized GRMHD
equations will be useful when we perform numerical simulations of the plasmas around black
holes, including the resistive and Hall effects within causality.
In Section 2, we derive the generalized GRMHD equations and their 3+1 formalism
based on the general relativistic two-fluid equations. We clarify the distinctive phenomena of
the plasmas around rotating black holes and the conditions for applicability of the generalized
GRMHD, standard resistive GRMHD, and ideal GRMHD equations in Section 3. The last
section presents discussions.
2. Generalized GRMHD equations
2.1. Covariant form
We derive generalized GRMHD equations based on the general relativistic two-fluid
equations. For simplicity, we assumed that the plasma is composed of two fluids, where one
fluid consists of positively charged particles with massm+ and electric charge e, and the other
fluid consists of negatively charged particles with mass m− and electric charge −e. Unlike
the discussion of the generalized GRMHD equations in Koide (2009), we use the general
relativistic two-fluid equations without simplification, i.e., without the conditions of non-
relativistic relative velocity of the two fluids of the plasmas, of non-relativistic pressure, and of
negligible difference of a certain normalized enthalpy of the two fluids. We take no account of
radiation cooling effect, plasma viscosity, and self-gravity in order to study the fundamentals
of interaction between magnetic fields and resistive plasmas around the rotating black holes.
We also assumed that the plasmas are heated only by Ohmic heating and disregarded nuclear
reactions, pair creation, and annihilation. We neglected quantum effects of the elemental
processes in the plasmas. The space-time, (x0, x1, x2, x3) = (t, x1, x2, x3), is characterized by
a metric gµν , where a line element is given by ds
2 = gµνdx
µdxν . Here, we use units in which
the speed of light, the dielectric constant, and the magnetic permeability in vacuum all are
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unity: c = 1, ǫ0 = 1, µ0 = 1. The relativistic equations of the two fluids and the Maxwell
equations are
∇ν(n±Uν±) = 0, (1)
∇ν(h±Uµ±Uν±) = −∇µp± ± en±gµσUν±Fσν ± Rµ, (2)
∇ν ∗F µν = 0, (3)
∇νF µν = Jµ, (4)
where variables with subscripts, plus (+) and minus (–), are those of the fluid of positively
charged particles and of the fluid of negative particles, respectively, n± is the proper particle
number density, p± is the proper pressure, h± is the relativistic enthalpy density1, U
µ
± is the
4-velocity, ∇µ is the covariant derivative, Fµν = ∇µAν −∇νAµ is the electromagnetic field
tensor (Aµ is the 4-vector potential),
∗F µν is the dual tensor of Fµν , Rµ is the frictional 4-
force density between the two fluids, and Jµ is the 4-current density. We will often write a set
of the spatial components of the 4-vector using a bold italic font, e.g., U± = (U1±, U
2
±, U
3
±),
J = (J1, J2, J3), R = (R1, R2, R3). We further define the Lorentz factor γ± = U0±, the 3-
velocity V i± = U
i
±/γ±, the electric field Ei = F
0i, the magnetic flux density
∑3
k=1 ǫijkBk = F
ij
(ǫijk is the Levi–Civita tensor), and the electric charge density ρe = J
0. Here, the alphabetic
index (i, j, k) runs from 1 to 3.
To derive one-fluid equations of the plasma, we define the average and difference vari-
ables as follows:
ρ = m+n+γ
′
+ +m−n−γ
′
−, (5)
n =
ρ
m
, (6)
p = p+ + p−, (7)
∆p = p+ − p−, (8)
Uµ =
1
ρ
(m+n+U
µ
+ +m−n−U
µ
−), (9)
Jµ = e(n+U
µ
+ − n−Uµ−), (10)
where γ′± is the Lorentz factor of the two fluids observed by the local center-of-mass frame
of the plasma and m = m+ +m−. Hereafter, a prime is used to denote the variables of the
center-of-mass frame. Using these variables, we write
n±U
µ
± =
1
m
(
ρUµ ± m∓
e
Jµ
)
. (11)
1The relativistic enthalpy includes the rest mass energy. In a case of perfect fluid gas with specific-heat
ratio Γ±, it is given by h± = m±n± + p±/(Γ± − 1) + p±.
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We also define the average and difference variables with respect to the enthalpy density as
h = n2
(
h+
n2+
+
h−
n2−
)
, (12)
∆h =
n2
4µ
(
h+
n2+
2m−
m
− h−
n2−
2m+
m
)
=
mn2
2
(
h+
m+n
2
+
− h−
m−n2−
)
, (13)
h‡ =
n2
4µ
[
h+
n2+
(
2m−
m
)2
+
h−
n2−
(
2m+
m
)2]
, (14)
∆h♯ = −n
2
8µ
[
h+
n2+
(
2m−
m
)3
− h−
n2−
(
2m+
m
)3]
. (15)
We find the following relations between the variables with respect to the enthalpy density,
h‡ = h−∆µ∆h, (16)
∆h♯ = ∆µh− 1− 3µ
2µ
∆h, (17)
where µ = m+m−/m2 is the normalized reduced mass and ∆µ = (m+ − m−)/m is the
normalized mass difference of the positively and negatively charged particles. It is noted
that we have a relation, µ = [1− (∆µ)2]/4. Using the above variables, the same calculations
of Koide (2009) yield one-fluid equations from the two-fluid equations (1) and (2),
∇ν (ρUν) = 0, (18)
∇ν
[
hUµUν +
µh‡
(ne)2
JµJν +
∆h
2ne
(UµJν + JµUν)
]
= −∇µp+ JνF µν , (19)
1
ne
∇ν
[
µh‡
ne
(UµJν + JµUν) +
∆h
2
UµUν − µ∆h
♯
(ne)2
JµJν
]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
F µν +
Rµ
ne
. (20)
When the relative velocity of the two fluids is not so large that the frictional force is propor-
tional to the relative velocity, according to Appendix of Koide (2009), the frictional 4-force
density is given by
Rµ = −ηne [Jµ − ρ′e(1 + Θ)Uµ] . (21)
Here, the coefficient η is recognized as the electric resistivity, ρ′e is the charge density observed
by the local center-of-mass frame of the two fluids, ρ′e = −UνJν , and the thermal energy
exchange rate from the negatively charged fluid to the positively fluid is given by
Θ =
θ
2eρ′e
(ρ′2e + JνJ
ν)(∆µn†
2
+ nρ′e/e)
(n+∆µρ′e/(2e))n†
2
, (22)
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where θ is the redistribution coefficient of the thermalized energy to the positively and
negatively charged fluids with the equipartition principle (0 ≤ θ ≤ 1) (see Appendix A of
Koide (2009)) and
n†
2
= n2 −∆µnρ
′
e
e
− µ
(
ρ′e
e
)2
. (23)
Using an equation derived by Maxwell equations
(∇νFµσ)F νσ = 1
4
gµν∇ν(F κλFκλ),
and Equation (4), we write the equation of motion (Equation (19)) by
∇νT µν = 0, (24)
where
T µν = pgµν + h
(
UµUν +
µh‡
(ne)2h
JµJν
)
+
2µ∆h
ne
(UµJν + JµUν) + F µσF
νσ − 1
4
gµν(F κλFκλ).
(25)
This equation corresponds to the equation of motion in the ideal GRMHD, for exam-
ple, Equation (A2) in Appendix A of Koide et al. (2006). The newly additional term in
the equation of motion is only that of the current momentum density µh‡JµJν/(ne)2 and
[2µ∆h/(ne)](UµJν + JµUν) in Equation (25).
To check causality of Equations (18)–(20), (3), and (4), we derive the dispersion relation
of the electromagnetic wave in a uniform, unmagnetized plasma from these equations as
H
[(
ηk
H
)2
−
(ηω
H
)2](
1− iηω
H
)
= i
ηω
H
, (26)
where k is the wave number, ω is the angular frequency of the electromagnetic wave, andH =
(ηne)2/[µ{h‡− 4µ(∆h)2/h}] (see Appendix B). This equation is mathematically identical to
the dispersion relation of electromagnetic wave in the resistive pair plasma (Koide 2008).
Koide (2008) showed that the group velocity of the electromagnetic wave is smaller than the
speed of light when H < 2, while it can be larger than the light speed unphysically when
H > 3. Appendix C shows the inequality
HN2p <
(
lnλ
16π
)2
1
µ3/2ζ1/2
≡ N2crit, (27)
where Np is the plasma parameter and ζ ≡ n+n−/(n+ + n−)2 is a variable related to charge
neutrality. When Np > Ncrit/
√
2, we have H < 2. This confirms that Equations (18)-
(20), (3), (4) for the plasma (Np ≫ 1 and then Np > Ncrit/
√
2) are causal. We call these
– 7 –
causal equations the “generalized GRMHD equations”. Especially, Equation (20) is called
the “generalized general relativistic Ohm’s law”.
When we apply the covariant form of generalized GRMHD equations to cold, quasi-
neutral plasmas (p± ≪ m±n±, n+ ≈ n−, i.e. ∆h≪ h), Equations (18)–(20) are identical to
Equations (140)-(142) of Koide (2009) as,
∇ν(ρUν) = 0, (28)
∇ν
[
h
(
UµUν +
µ
(ne)2
JµJν
)]
= −∇µp+ JνF µν , (29)
1
ne
∇ν
[
µh
ne
{
UµJν + JµUν − ∆µ
ne
JµJν
}]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
F µν − η[Jµ − ρ′e(1 + Θ)Uµ]. (30)
2.2. 3+1 formalism
To understand these generalized GRMHD equations intuitively, we derive a 3+1 formal-
ism of the equations. We assume that off-diagonal spatial elements of the metric gµν vanish,
gij = 0 (i 6= j). Writing non-zero components by
g00 = −h20, gii = h2i , gi0 = g0i = −h2iωi, (31)
we have
ds2 = gµνdx
µdxν = −h20dt2 +
3∑
i=1
[
h2i (dx
i)2 − 2h2iωidtdxi
]
. (32)
When we define the lapse function α and shift vector βi by
α =
[
h20 +
3∑
i=1
(hiωi)
2
]1/2
, βi =
hiωi
α
, (33)
the line element ds is written by
ds2 = −α2dt2 +
3∑
i=1
(hidx
i − αβidt)2. (34)
The determinant of the matrix with elements gµν is given by g ≡ −(αh1h2h3)2, and the
contravariant metric is written explicitly as
g00 = − 1
α2
, gi0 = g0i = −ωi
α2
= − β
i
αhi
, gij =
1
hihj
(δij − βiβj), (35)
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where δij is the Kronecker’s δ symbol.
We introduce a local inertia frame called the “zero-angular-momentum observer (ZAMO)
frame”. Using the coordinates of the frame (tˆ, xˆ1, xˆ2, xˆ3), the line element is
ds2 = −dtˆ2 +
∑
i
(dxˆi)2 = ηµνdxˆ
µdxˆν , (36)
where
dtˆ = αdt, (37)
dxˆi = hidx
i − αβidt. (38)
This is identical to the Minkowski space-time locally. In the Boyer-Lindquist coordinates,
when we write any contravariant vector by aµ, according to Equations (37) and (38), the
contravariant vector in the ZAMO frame, aˆµ, is given by
aˆ0 = αa0, aˆi = hia
i − αβia0. (39)
A covariant vector aˆµ is
aˆ0 =
1
α
a0 +
∑
i
βi
hi
ai, aˆi =
1
hi
ai. (40)
Note that, because the metric is Minkowskian, we have aˆ0 = −aˆ0 and aˆi = aˆi.
The contravariant and covariant components of vectors and tensors measured by the
ZAMO frame are given by Equations (39) and (40). Denoting these components observed
by the ZAMO frame with hats, we have
γ ≡ Uˆ0 = αU0, (41)
vˆi ≡ Uˆ
i
Uˆ0
=
hi
γ
U i − αβiU
0
γ
, (42)
ǫ+ γρ ≡ Tˆ 00 = α2T 00, (43)
Pˆ i ≡ Tˆ i0 = αhiT 0i − α2βiT 00, (44)
Tˆ ij = hihjT
ij − αhjβiT 0j − αhiβjT i0 + α2T 00, (45)
Eˆi ≡ Fˆi0 = −Fˆ0i = 1
αhi
Fi0 +
∑
j
βj
hihj
Fij , (46)
∑
k
ǫijkBˆk ≡ Fˆij = 1
hihj
Fij , (47)
ρˆe ≡ Jˆ0 = αJ0, (48)
Jˆ i = hiJ
i − αβiJ0. (49)
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The relationship between the variables measured in the ZAMO frame is similar to that
of ideal sRMHD but not identical (Koide et al. 1996). Here, we summarize the relations,
γ =
1√
1−∑3i=1(vˆi)2 , (50)
Pˆ i = h
[
hγ2vˆi +
∆h
2neh
(Uˆ iρˆe + Jˆ
iγˆ) +
µh‡
(ne)2h
Jˆ iρˆe
]
+ (Eˆ× Bˆ)i, (51)
ǫ = h
[
γˆ2 +
∆h
neh
γˆρˆe +
µh‡
(ne)2h
ρˆ2e
]
− p− ργˆ + Bˆ
2
2
+
Eˆ2
2
, (52)
Tˆ ij = pδij + h
[
γ2vˆivˆj +
∆h
2neh
(Uˆ iJˆ j + Jˆ iUˆ j) +
µh‡
(ne)2h
Jˆ iJˆ j
]
+
(
Bˆ2
2
+
Eˆ2
2
)
δij − BˆiBˆj − EˆiEˆj, (53)
where Eˆ2 ≡ Eˆ21 + Eˆ22 + Eˆ23 , Bˆ2 ≡ Bˆ21 + Bˆ22 + Bˆ23 .
The generalized GRMHD equations except for the Ohm’s law (18), (19), (3), and (4)
are written as,
1√−g
∂
∂xν
(√−gρUν) = 0, (54)
1√−g
∂
∂xν
(√−gT µν)+ ΓµσνT σν = 0, (55)
∂µFνλ + ∂νFλµ + ∂λFµν = 0, (56)
1√−g
∂
∂xν
(√−gF µν) = −Jν , (57)
where we used the following relations, ∇µaν = ∂µaν + Γνµσaσ, Γνµσ = 12gνρ(−∂ρgµσ + ∂µgρσ +
∂σgµρ), Γ
σ
µσ = ∂µ(ln
√−g), and Fµν = −Fνµ. With respect to the Ohm’s law (20), defining
an energy-momentum tensor of charge and current (electric energy-momentum tensor)
Kµν ≡ µh
‡
ne
(
UµJν + JµUν − ∆h
♯
neh‡
JµJν
)
+
∆h
2
UµUν , (58)
we have the following form,
1
ne
∇νKµν = 1
ne
[
1√−g∂ν
(√−gKµν)+ F µσνKσν
]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
F µν − η[Jµ − ρ′e(1 + Θ)Uµ]. (59)
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Using the ZAMO variables, we obtain the following set of equations from equations (54)–(57),
and (59)
∂γρ
∂t
= − 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
γρ(vˆj + βj)
]
, (60)
∂Pˆ i
∂t
= − 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Tˆ ij + βjPˆ i)
]
− (ǫ+ γρ) 1
hi
∂α
∂xi
+
∑
j
α
[
GijTˆ
ij −GjiTˆ jj + βj(GijPˆ i −GjiPˆ j)
]
−
∑
j
σjiPˆ
j, (61)
∂ǫ
∂t
= − 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Pˆ j − γρvˆj + βjǫ)
]
−
∑
j
Pˆ j
1
hj
∂α
∂xj
−
∑
j,k
αβj(GjkTˆ
jk −GkjTˆ kk)−
∑
j,k
σkjTˆ
jk, (62)
1
ne
∂
∂t
(
µh‡
ne
Jˆ†i
)
= − 1
ne
[
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Kˆij + βj
µh‡
ne
Jˆ†i)
]
+
2µh‡
ne
1
hi
∂α
∂xi
ρˆ†e −
∑
j
α
{
GijKˆ
ij −GjiKˆjj + βjµh
‡
ne
(
GijJˆ
†i −GjiJˆ†j
)}
+
∑
j
µh‡
ne
σjiJˆ
†j
]
+α
[
1
2ne
1
hi
∂
∂xi
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆiν − η[Jˆ i − ρ′e(1 + Θ)Uˆ i]
]
, (63)
2
ne
∂
∂t
[
µh‡
ne
ρˆ†e +
1
4
(∆µp−∆p)
]
= − 1
ne
[
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
µh‡
ne
(Jˆ†j + 2βjρˆ†e)
]
+
∑
j
µh‡
ne
1
hj
∂α
∂xj
Jˆ†j +
∑
jk
αβk
(
GkjKˆ
kj −GjkKˆjj
)
+
∑
kj
σkjKˆ
kj
]
+α
[
− 1
2ne
∑
j
βj
hj
∂
∂xj
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆν0 − η[ρˆe − ρ′e(1 + Θ)γˆ]
]
, (64)
∂Bˆi
∂t
=
−hi
h1h2h3
∑
j,k
ǫijk
∂
∂xj
[
αhk
(
Eˆk −
∑
l,m
ǫklmβlBˆm
)]
, (65)
∑
j
1
h1h2h3
∂
∂xj
(
h1h2h3
hj
Bˆj
)
= 0, (66)
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ρˆe =
∑
j
1
h1h2h3
∂
∂xj
(
h1h2h3
hj
Eˆj
)
, (67)
α
(
Jˆ i + ρˆeβ
i
)
+
∂Eˆi
∂t
=
∑
j,k
hi
h1h2h3
ǫijk
∂
∂xj
[
αhk
(
Bˆk +
∑
l,m
ǫklmβ
lEˆk
)]
, (68)
where Gij ≡ − 1hihj
∂hi
∂xj
, and σij ≡ 1hj ∂∂xj (αβi). Here, we used formulae about covariant
derivative of a tensor (A11) and (A12) in Appendix A. This form of the generalized GRMHD
equations is called the 3+1 formalism of the generalized GRMHD equations (Thorne et al.
1986). Here, we also defined following variables,
Jˆ†i ≡ ne
µh‡
Kˆi0 = γJˆ i + ρˆeUˆ
i − ∆h
♯
neh‡
ρˆeJˆ
i +
ne∆h
2µh‡
γUˆ i, (69)
ρˆ†e ≡
ne
2µh‡
Kˆ00 = ρˆe
(
γ − ∆h
♯
2neh‡
ρˆe
)
+
ne∆h
4µh‡
γˆ2, (70)
which can be regarded as modified current density and modified charge density, respectively.
2.3. Equation of state
To close the generalized GRMHD equations, we need additional two equations. Here,
we use the equation of state for each fluid,
h±
m±n±
= Hs
(
p±
m±n±
)
, (71)
where Hs is the specific enthalpy, which generally depends on the state and species of the par-
ticles. In the case of single component relativistic fluid in thermal equilibrium, the function
is given by
Hs(x) =
K3(1/x)
K2(1/x)
(x > 0), (72)
(Chandrasekhar 1938; Synge 1957). Here, K2 and K3 are the modified Bessel functions of
the second kind of order two and three, respectively. In the case of ideal fluid gas with
specific-heat ratio Γ, we have
Hs(x) = 1 +
Γ
Γ− 1x (x > 0), (73)
as shown in the footnote 1 in section 2. Using the equations of states, we find the following
equations with respect to the variables of the generalized GRMHD equations,
h = n
[
Hs
(
p+∆p
2ρ+
)
m2+
ρ+
+Hs
(
p−∆p
2ρ−
)
m2−
ρ−
]
, (74)
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∆h = 2n2µm
[
Hs
(
p+∆p
2ρ+
)
m+
ρ+
−Hs
(
p−∆p
2ρ−
)
m−
ρ−
]
, (75)
where
ρ± ≡ m±n± = m±
m
[
ρ2 ∓ 2m∓ρ
e
UνJν −
(m∓
e
)2
JνJν
]1/2
. (76)
These simultaneous equations are regarded as the equations of states for the generalized
GRMHD equations. In the perfect fluid gas case with the equal specific-heat ratio Γ = Γ+ =
Γ−, they reduce to
h = n2
[
m+
n+
+
m−
n−
+
Γ
2(Γ− 1)
{(
m2+
ρ2+
+
m2−
ρ2−
)
p+
(
m2+
ρ2+
− m
2
−
ρ2−
)
∆p
}]
, (77)
∆h = 2µmn2
[
1
n+
− 1
n−
+
Γ
2(Γ− 1)
{(
m+
ρ2+
− m−
ρ2−
)
p+
(
m+
ρ2+
+
m−
ρ2−
)
∆p
}]
. (78)
When the plasma is cold and quasi-charge neutral, that is, p± ≪ ρ±, and |n+ − n−| ≪ n,
∆h vanishes and Equations (75) and (78) become superfluous.
3. Distinctive Properties of Plasmas around Rotating Black Holes
In this section, we investigate distinctive phenomena of plasmas in space-time around
rotating black holes, (x0, x1, x2, x3) = (t, r, θ, φ). The metrics of the rotating black hole with
mass M and angular momentum J are given by the Kerr metric,
h0 =
√
1− 2rgr
Σ
, h1 =
√
Σ
∆
, h2 =
√
Σ, h3 =
√
A
Σ
sin θ, ω1 = ω2 = 0, ω3 =
2r2gar
A
, (79)
where rg ≡ GM is the gravitational radius, G is the gravitational constant, a ≡ J/Jmax
is called the black hole rotation parameter, Jmax ≡ GM2 is the angular momentum of a
maximally rotating black hole, ∆ = r2 − 2rgr + (arg)2, Σ = r2 + (arg)2 cos2 θ, and A =
[r2 + (arg)
2]2 −∆(arg)2 sin2 θ. The lapse function is α =
√
∆Σ/A. The radius of the event
horizon is rH = rg(1 +
√
1− a2), which is found by setting α = 0.
First, we review the difference between the standard resistive GRMHD and ideal GRMHD
briefly. The standard resistive GRMHD is given by the conservation laws of particle number,
momentum, and energy,
∇ν(ρUν) = 0, (80)
∇ν
[
pgµν + hUµUν + F µσF
νσ − 1
4
F κλFκλ
]
= 0, (81)
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the standard relativistic Ohm’s law,
UνF µν = η[J
µ + (UνJν)U
µ], (82)
and Maxwell equations (3) and (4). The difference between the standard resistive GRMHD
and ideal GRMHD is only concerning to the Ohm’s law. The “ideal MHD condition” of the
ideal GRMHD is given by the Ohm’s law with zero resistivity,
UνFµν = 0. (83)
Using the ZAMO frame, we write the standard relativistic Ohm’s law (Equation (82)) by
UˆνFˆ i ν = Uˆ
νFˆiν = γEˆi +
∑
j,k
ǫijkUˆ
jBˆk = η[Jˆ
i + (Uˆν Jˆν)Uˆ
i], (84)
and the ideal MHD condition (Equation (83)) by
UˆνFˆiν = γEˆi +
∑
j,k
ǫijkUˆ
jBˆk = 0. (85)
The significance of the resistive term (the right hand side of Equation (82)) is evaluated by
the ratio ηJˆµ/(UˆνFˆiν) ∼ ηJˆ/(UˆBˆ) ∼ η/(UˆL), where Uˆ , Jˆ , Bˆ, and L are the typical values
of |Uˆ |, |Jˆ |, |Bˆ|, and a scale length of a system. Inverse of the ratio
SM ≡ UˆL
η
, (86)
is called the magnetic Reynolds number. When the magnetic Reynolds number SM is much
larger than unity, we can neglect the resistivity and use the ideal GRMHD.
It is noted that causality in the standard resistive GRMHD is broken down when an
electromagnetic wave packet propagates, while that of the ideal GRMHD is hold because no
electromagnetic wave can propagate in the ideal MHD plasma. The results of the standard
resistive GRMHD should thus be treated carefully.
Next, we move on the evaluation of the generalized GRMHD equations. The difference
between the generalized GRMHD equations and the standard resistive GRMHD equations
is shown in the terms with ne and Θ in Equations (60) – (68). Then we find the conservation
equations of particle number (60) and Maxwell equations (65) – (68) are the same. With
respect to the equation of motion and energy (Equation (24), or (61) and (62)), the difference
is found only in the definition of T µν (see Equation (25)), that is, T µν of the generalized
GRMHD contains the additional terms µh‡JˆµJˆν/[(ne)2h] and [2µ∆h/(ne)](UµJν + JµUν).
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The ratios between the additional terms and the leading term UˆµUˆν with respect to ǫ+γρ =
Tˆ 00, Pˆ i = Tˆ i0, and Tˆ ij are
µ
(ne)2
ρˆ2e
γ2
,
µ
(ne)2
ρˆeJˆ
γUˆ
,
µ
(ne)2
Jˆ2
Uˆ2
, (87)
where we assume the term µh‡JµJν/[(ne)2h] dominates the term [2µ∆h/(ne)](UµJν+JµUν)
in the right-hand side of Equation (25), and the characteristic scales of |Uˆ |, |Jˆ |, and |Bˆ| are
written by Uˆ , Jˆ , Bˆ, respectively. Here, we have the relation between the ratios as
µ
(ne)2
ρˆ2e
γ2
× µ
(ne)2
Jˆ2
Uˆ2
=
[
µ
(ne)2
ρˆeJˆ
γUˆ
]2
. (88)
Then, we evaluate the contribution of the term µJµJν/(ne)2 by the two ratios
√
µ
ne
ρˆe
γ
,
√
µ
ne
Jˆ
Uˆ
. (89)
When we assume quasi-neutrality, we evaluate the ratios by
√
µ
ne
Jˆ
Uˆ
≈ √µ |Uˆ+ − Uˆ−|
Uˆ
, (90)
√
µ
ne
ρˆe
γ
≈ √µn+ − n−
n
≪ 1, (91)
where Uˆ± is the spatial components of 4-velocity of positively and negatively charged fluids.
We find the drastic difference between the Ohm’s law of the generalized GRMHD equa-
tions and standard resistive GRMHD equations. To clarify the newly introduced terms in
the generalized Ohm’s law intuitively, we rewrite it using the identity,
αβjGji + σji = − αβ
j
hjhi
∂hj
∂xi
+
1
hi
∂
∂xi
(αβj) =
hj
hi
∂ωj
∂xi
, (92)
and the identity for the Kerr metric,
βjGij = 0. (93)
We obtain the intuitive 3+1 form of the generalized general relativistic Ohm’s law,
1
ne
∂
∂t
(
µh‡
ne
Jˆ†i
)
= − 1
ne
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Kˆij + βj
µh‡
ne
Jˆ†i)
]
+α
[
− 1
2ne
1
hi
∂
∂xi
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆiν − η[Jˆ i − ρˆ′e(1 + Θ)Uˆ i]
]
(94)
+
1
ne
[
−2µh
‡
ne
1
hi
∂α
∂xi
ρˆ†e +
∑
j
α
(
GijKˆ
ij −GjiKˆjj
)
+
∑
j
hj
hi
∂ωj
∂xi
µh‡
ne
Jˆ†j
]
,
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2
ne
∂
∂t
[
µh‡
ne
ρˆ†e +
1
4
(∆µp−∆p)
]
= − 1
ne
[
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
µh‡
ne
(Jˆ†j + 2βjρˆ†e)
]
+
∑
j
µh‡
ne
1
hj
∂α
∂xj
Jˆ†j +
∑
k,j
hj
hk
∂ωj
∂xk
Kˆjk
]
+α
[
− 1
2ne
∑
j
βj
hj
∂
∂xj
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆν0 − η[ρˆe − ρ′e(1 + Θ)γˆ]
]
. (95)
We list up the difference between the generalized Ohm’s law of the generalized GRMHD and
the standard Ohm’s law of the standard resistive GRMHD equations as follows.
1. Hall effect: the term
− ∆µ
ne
JνFiν = −∆µ
ne
(
ρˆeEˆi +
∑
k
ǫijkJˆ
jBˆk
)
, (96)
in the left side of Equation (94).
2. The inertia of the current: the left hand side of Equation (94).
3. The transport of momentum by current: the first term of the right hand side of Equa-
tion (94).
4. The thermal electromotive force: the term
− 1
2ne
1
hi
∂
∂xi
(∆µp−∆p), (97)
in the right hand side of Equation (94).
5. The term with respect to the equipartition of the thermal energy due to the friction
between two fluids: the term, ηρˆ′eΘUˆ
i, in the right hand side of Equation (94).
6. Gravitational electromotive force: the first term in the last bracket of the right hand
side of Equation (94).
7. Centrifugal electromotive force: the second term in the last bracket of the right hand
side of Equation (94).
8. Frame-dragging electromotive force: the last term in the last bracket of the right hand
side of Equation (94).
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9. Zeroth component of the Ohm’s law: Equation (95). It is used for the calculation
of ∆h. In the case of non-relativistic pressure and quasi-neutral plasma, it becomes
superfluous (h≫ ∆h ≈ 0).
Items (1)–(5) are special relativistic effects, which were already reviewed in Koide (2009).
Items (6), (7), and (8) are general relativistic effects, which were roughly discussed in Koide
(2009). Item (6) shows that the charge separation in the gravity causes the electromo-
tive force, which is also found in non-relativistic gravity. This effect was first reported by
Khanna (1998). Item (7) shows that the centrifugal force on the electric current causes
the electromotive force, while item (6) is with respect to the gravitation. Item (8) shows
the frame-dragging effect causes the electromotive force. The normalized shear of frame-
dragging angular velocity, [µh‡/(ne)2][hj/(αhi)](∂ωj/∂xi), seems to correspond to the factor
of α(∆µ/ne)Fˆij of the Hall effect rather than to the resistivity. It also appears that the shear
of the frame-dragging angular velocity corresponds to the magnetic field. However, the nature
of the coefficient (hi/hj)/(∂ωj/∂x
i) and Fˆij is drastically different because Fˆji = −Fˆji and
∂ωj/∂x
i 6= −∂ωi/∂xj . Thus, these correspondences are just apparent and physically mean-
ingless. Item (9) becomes significant when the thermal energy density becomes comparable
to the rest mass energy density and ∆h becomes significant. In the nonrelativistic pressure,
quasi-neutral plasma case, we don’t need to solve this equation because h≫ ∆h ≈ 0.
We evaluate the contribution of the terms of items (1)–(8) shown above by the compar-
ison with the term Uˆ × Bˆ, which is the leading term of the ideal MHD condition (83). We
write the characteristic length and the time of a system by L and τ , respectively. Here, we
use the relativistic plasma frequency ωp ≡ ne/
√
µh and cyclotron frequency ωc ≡ eBˆn/h of
the plasma (the derivation is shown in Koide (2009)). For simplicity, we neglect the contri-
bution of ∆h compared to h for the ordering estimation of terms in the equations. The ratios
of the contributions of the effects (1)– (8) and the significance of item (9) are as follows:
1. The Hall effect:
∆µ
ne
Jˆ
Uˆ
≈ ∆µ |Uˆ+ − Uˆ−|
Uˆ
. (98)
2. The inertia of current: when we consider the first term of the right-hand side of Equa-
tion (69) as the leading term of J †, we have the scaling
µh
(ne)2
γ
τ
Jˆ
αUˆBˆ
≈ 1
ωpLVˆ ωpτα
, (99)
where Vˆ = Uˆ/γ < 1 is the typical absolute value of 3-velocity and γ is the typical
value of the Lorentz factor.
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3. The transport of current momentum: when we consider the first two terms in the
parentheses of the right-hand side of Equation (58), we can estimate it as,
α
µh
(ne)2
1
L
UˆJˆ
αUˆBˆ
≈ 1
(ωpL)2
. (100)
4. The thermal electromotive force:
α
2ne
1
L
|∆µp−∆p|
αUˆBˆ
≈ 1
2ωpLUˆ
|∆µp−∆p|
h
. (101)
5. Equipartition of thermal energy due to friction: this contribution is evaluated by Θ.
When ∆µ = 0 (pair plasma case) or θ = 0, this is negligible. However, when ∆µ 6=
0 and θ 6= 0, this becomes dominant compared to the last term of the right hand
side of Equation (82), (Uˆν Jˆν)Uˆ
µ, when ρˆe ≈ 0 (quasi-neutrality). We evaluate the
significance of the friction thermal energy equipartition effect in the generalized Ohm’s
law (94) in the case of quasi-neutrality (|ρ′e| ≪ ne). In the case of quasi-neutrality, we
approximately have n† ≈ n from Equation (23) and then we obtain the approximation
of Θ from Equation (22)
Θ ≈ θ∆µ
2eρ′e
|Jˆ ′|2
n
, (102)
where Jˆ ′ is current density observed by the plasma center-of-mass frame. Using the
definition of the magnetic Reynolds number SM (Equation (86)) and Equations (102),
the ratio of the thermal energy equipartition term compared to Uˆ × Bˆ term is
ηρ′eΘUˆ
i
UˆνFˆiν
∼ ηρ
′
eΘ
Bˆ
∼ θ∆µUˆJˆ
′
2SMne
<
θ∆µγ
2
√
µSM
. (103)
In the inequality (the last relation) in Equation (103), we considered the non-relativistic
current Jˆ ′ < ne/
√
µ and an inequality Uˆ < γ.
6. Gravitation electromotive force:
2µh
(ne)2
αgBHγρˆe
αUˆBˆ
≈ 2µ
Uˆ
ρˆe
ne
gBH
ωc
∼ 2µ
Uˆ
ρˆe
ne
1
Lωc
, (104)
where gBH ≡ |(1/αh1)(∂α/∂x1)| ∼ |[(1/(αhi)](∂α/∂xi)| corresponds to the gravita-
tional acceleration. Here, we used an estimation, gBH ∼ 1/rg ∼ 1/L.
7. Centrifugal electromotive force:
−αG31Kˆ33
neαUˆBˆ
≈ 2
ω2prL
∼ 2
(ωpL)2
, (105)
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where r ≡ h3h1(∂h3/∂x1)−1 ∼ L corresponds to the curvature radius of the x3-
coordinate line.
8. Frame-dragging electromotive force:
µh
(ne)2
h3
h1
∂ω3
∂x1
Jˆ†3
αUˆBˆ
≈ 1
ωpLVˆ
ω†BH
ωp
, (106)
where ω†BH ≡ |(h3/(αh1))∂ω3/∂x1| ∼ |(hj/hi)(∂ωj/∂xi)| is the typical differential an-
gular velocity of the frame-dragging ZAMO frame.
9. The zeroth component of the Ohm’s law: in the case of ∆h ≪ h, this equation is
superfluous because we don’t need to calculate ∆h. This approximation is available in
the cases of nonrelativistic pressure and quasi-neutral plasmas.
Equations (99)–(101), (104)–(106) show that when the microscopic spatial and temporal
scales of plasmas are much smaller than the global spatial and time scales, i.e., ω−1p , ω
−1
c ≪
L, τ, ω†BH
−1
, gBH
−1, these effects are negligible except for items (1), (5), and (9), because
|∆µp − ∆p| . h and gBH and ω†BH are finite over the whole region around the black hole
including the event horizon. However, it is noted that when we neglect the current inertia
effect (item (2)) in the limit case of the small microscopic spatial/temporal scales with finite
resistivity (L, τ ≫ ω−1p , η > 0), causality is broken because H ≫ 1, while the term of the
current inertia is negligible compared to the Jˆ × Bˆ term. When the relative velocity of the
two fluids is much smaller than the bulk velocity of the plasma, the Hall effect (item (1)) also
becomes negligible. With respect to the contribution of the equipartition of the thermalized
energy by the friction (item (5)), it is dominant in the quasi-neutral case (Θ ≫ 1, that is,
θ∆µ|Jˆ/(ne)|2 ≫ 2ρ′e/(ne)) compared to the last term of the right hand side of the standard
Ohm’s law (82). When θ ≪ 1, ∆µ ≪ 1, or SM ≫ γ/√µ, it is negligible compared to the
Uˆ × Bˆ term. On the other hand, when θ ∼ 1, ∆µ ∼ 1, SM . γ/√µ, and the current is
sub-relativistic, we cannot neglect the contribution of equipartition of thermalized energy.
The zeroth component of the Ohm’s law (item (9)) is negligible in the case of nonrelativistic
pressure and quasi-neutral plasmas, while in the case of relativistic pressure around black
holes we have to solve the zeroth component of the Ohm’s law (Equation (95)) to determine
the difference of enthalpy, ∆h.
Then, we conclude that when (i) the magnetic Reynolds number is large enough; SM ≫
γ/
√
µ, (ii) the internal energy (thermal energy and kinetic energy of relative motion of the
two fluids) of the plasma is relatively small compared to the rest mass energy, and (iii) the
validity conditions of the generalized GRMHD are satisfied, the ideal GRMHD equations can
be used for the global dynamics of the plasma around the black hole. If we can not neglect
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the small spatial or temporal scale phenomena, we have to use the generalized GRMHD.
For example, through a magnetic reconnection, the small spatial scale event influences the
global dynamics of the plasma and the black hole rotation (Koide & Arai 2008). Recently, a
number of numerical simulations using the ideal GRMHD have been performed and showed
important and interesting physics of the plasmas around black holes, especially, with respect
to extraction of black hole rotational energy and relativistic jet formation by the magnetic
field near a black hole (Koide et al. 2002; Koide 2003; McKinney 2006). In spite of the ideal
GRMHD calculations, these results showed significant formation of magnetic islands. The
formation of the magnetic islands requires the magnetic reconnection, which is the result of
resistivity, and thus the formation of such islands is artificial. However, they suggest that
the magnetic configuration for the magnetic reconnection, where the anti-parallel magnetic
fields are almost touched, is easily formed in the black hole magnetospheres. In such a case, a
significant number of magnetic reconnections will be caused. To perform proper simulations
with magnetic reconnection, we have to employ the generalized GRMHD, at least, in the
reconnection region.
4. Discussion
We derived the generalized GRMHD equations from the general relativistic two-fluid
equations, and showed the difference among the generalized GRMHD equations, the standard
resistive GRMHD equations, and the ideal GRMHD equations in section 3. In Table 1, we
summarize the conditions of validity of each set of equations and the effects neglected by
the conditions. It is noted that the conditions of sRMHD are given by those with the
limitation, ω†BH, gBH −→ 0. Table 1 indicates that the conditions of the standard resistive
GRMHD equations are too severe to be generally applied to the global dynamics of any
plasma around black holes. When we consider MHD global phenomena, we can naturally
assume that ω−1p , ω
−1
c ≪ L, τ, (gBH)−1, (ω†BH)−1 where L and τ are the characteristic length
and time of the phenomena, respectively. Within this assumption, we understand that we
can’t neglect charge inertia and current momentum in equations of motion and energy, Hall
effect, frictionally thermalized energy equipartition effect, gravitational electromotive force,
and zeroth component of the Ohm’s law. Equations (18)–(21), (63), and (64) with the
assumption yield a set of equations,
∇ν (ρUν) = 0, (107)
∇ν
[
hUµUν +
µh‡
(ne)2
JµJν +
∆h
2ne
(UµJν + JµUν)
]
= −∇µp+ JνF µν , (108)
1
2ne
∇µ (∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
F µν = ζ
µ
νJ
†ν + η [Jµ − ρ′e(1 + Θ)Uµ] , (109)
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where the tensor ζµν with respect to the gravitational electromotive force is defined as
ζ i0 = [2µh
‡/(ne)2](1/hi)(∂ logα/∂xi), ζ0j = [µh
‡/(ne)2](1/hj)(∂ logα/∂xj), ζ ij = ζ
0
0 = 0 in
the ZAMO frame. We call this set of equations “modified resistive GRMHD” equations.
We investigate the conditions of validity of the modified resistive GRMHD equations in
several astrophysical situations. We estimate the critical scale length and time of plasmas
defined by Lcrit = max(cω
−1
p , cω
−1
c ) and τcrit = max(ω
−1
p , ω
−1
c ) to clarify the validity of the
modified resistive GRMHD equations for plasmas around black holes of a GRB, X-ray black
hole binary, Sgr A*, and AGN (Table 2). When L > Lcrit and τ > τcrit, the modified resistive
GRMHD equations are applicable for the plasma phenomena around the black holes. Here,
we assume the charge quasi-neutrality of the plasmas and neglect the pressure compared to
the rest mass energy density to estimate the plasma frequency ωp and cyclotron frequency
ωc. Using SI units, we have
ωp =
√
ρe2
µm2ǫ0
=
√
ρe2
m+m−ǫ0
, ωc =
eB
m
. (110)
For the electron-ion plasma, they yield
ωe−ip =
√
ρe2
mimeǫ0
, ωe−ic =
eB
mi
, (111)
where mi is the proton mass and me is the electron mass. We have the relations between the
frequencies of the electron-ion plasma, ωe−ip , ω
e−i
c , and those of the pair plasma, ω
pair
p , ω
pair
c ,
ωpairp =
√
mi
me
ωe−ip > ω
e−i
p , ω
pair
c =
mi
2me
ωe−ic > ω
e−i
c . (112)
Using cgs units, we have
ωe−ip = 4.3× 1016
(
ρ
1g cm−3
)1/2
[s−1], (113)
ωe−ic = 9.4× 103
(
B
1G
)
[s−1]. (114)
We also estimate the characteristic scales of the space-time around the black holes by
gBH =
1
αh1
∂α
∂x1
∼ 1
rS
, (115)
ωBH =
h3
αh1
∂ω3
∂x1
∼ ac
rS
, (116)
where rS is the Schwarzschild radius, rS = 2rg. We require the variables of ω
e−i
p , ω
e−i
c ,
and rS to evaluate the validity of the modified resistive GRMHD equations. It is noted
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that (ω†BH)
−1 ∼ rS/(ac) > rS/c and then (ω†BH)−1 ≫ (ωe−ip )−1, (ωe−ic )−1 is satisfied if g−1BH ≫
c/ωe−ip , c/ω
e−i
c . For estimation of the variables of plasmas around these black holes, we have
to give the black hole mass MBH, plasma density ρ, and magnetic field B of the plasma. We
have no direct observation yet of them around any black hole, while a number of estimations
of them have been done indirectly through theoretical models. Here, we employed the data
set of MBH, accretion rate M˙ , ρ, temperature T , and B in the accretion disks of a GRB,
X-ray binary, Sgr A*, and AGN estimated by McKinney (2004) (references therein). Table 2
shows that the spatial and temporal critical scales, Lcrit and τcrit, are much smaller than the
black holes radii (rS) and their light transit times (rS/c) in all of the astrophysical black hole
objects given here. As an example of the minimum of the characteristic scales of phenomena
of plasmas (L and τ) around the black holes, we consider the minimum scales of magnetic
reconnection in the plasmas. The minimum scales of the magnetic reconnection are roughly
estimated by the thickness of the current sheet LCS, which is calculated by the minimum
scale of the magnetorotational instability (MRI),
LCS ∼ λMRI = 4
√
2
3
vA
Ω
,
where Ω is the angular velocity of the disk and vA is the Alfven velocity; Ω ≈
√
GMBH/r3 >
c/rS and vA =
√
B2/µ0ρ (see Chapter 8 in Shibata et al. (1999)) and the light transit time
of the current sheet, LCS/c. The values of the spatial and temporal scales, LCS and LCS/c are
much larger than the critical variables, Lcrit and τcrit, respectively. It suggests the validity of
the modified resistive GRMHD equations even in the phenomena in the reconnection regions
around the black holes. It is noted that causality is broken in the modified and standard
resistive GRMHD because the current inertia is neglected artificially (H −→∞), while it is
kept in the generalized and ideal GRMHD where the current inertia is taken into account
properly (H < 2) and no electromagnetic wave propagates. However, when we carefully
generate no electromagnetic wave, we would be able to avoid the problem of causality even
with the modified and standard GRMHD calculations.
The generalized GRMHD equations are mathematically identical to the general rela-
tivistic two-fluid equations, since we used no additional condition to derive the generalized
GRMHD equations. To study the black hole magnetospheres, Khanna (1998) first formu-
lated the general relativistic two-fluid approximation in the Kerr metric. More generalized
equations derived from the general relativistic Vlasov–Boltzmann equations were shown by
Meier (2004). Here, we compare the generalized GRMHD equations presented here with
the ones derived by Meier (2004) and Khanna (1998). The generalized GRMHD equations
derived here are almost intrinsically identical to the equations derived by Meier (2004), as
shown below. For cold (intrinsically non-relativistic) plasmas, their 3+1 formalism reduces
to the equations quite similar to those derived by Khanna (1998), while we don’t need the
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condition γ′± = 1 which was used by Khanna (1998). The basic equations and approximation
are different between Meier (2004) and ours. For example, Meier (2004) employed the Boltz-
mann equation as a basic equation, while we used the two-fluid equations. Furthermore, we
employed rather special definitions of the average variables, especially for enthalpy density,
h ≡ n2[(h+/n2+)+(h−/n2−)]. In spite of the difference of the approaches, the effects suggested
by generalized GRMHD equations derived by Meier (2004) and us are identical except for
the Ohm’s law. For comparison, we regard the term with respect to the 4-velocity “U” and
the internal (kinetic) energy flux density “H” in equations of motion and energy of Meier
(2004) (Equation (46) in his paper),
U ⊗H +H ⊗U , (117)
as the terms of Equation (19) of the present paper,
µh‡
(ne)2
JµJν +
∆h
2ne
(UµJν + JµUν). (118)
Hereafter, we also use the notation that Meier (2004) used (definitions therein). With respect
to the Ohm’s law, the equations derived by Meier (2004) and us are similar but not identical
as follows. We cannot find the left-hand side term of Equation (20),
− µ∆h
♯
(ne)2
JµJν , (119)
in the Ohm’s law of Meier (2004) (his Equations (57) and (58)), and the factor of the resistive
term of the right-hand side,
− ρ′e(1 + Θ)Uµ, (120)
vanishes in the Ohm’s law of Meier (2004) (his Equations (57) and (58)) (see also Equation
(21) in our paper). The term −ρ′eUµ in Equation (120) is required physically, because the
Lorentz transformation of the simple Ohm’s law in the rest frame, Eˆ′ = ηJˆ ′ yields the term.
Equation (120) also includes the clear difference between two sets of equations related to
the effect of the thermalized energy exchange between the positively charged fluid and the
negative one (the term of Θ in Equation (21) for the Ohm’s law). Furthermore, the 4-vector
related to current density “j ′/l” of the left-hand side of the Ohm’s law of Meier (2004) (his
Equations (57) and (58)) would correspond to [µh‡/(ne)2]Jν and the current density of the
Hall term in Meier (2004) is “J−ρ′eU”, while in the present paper, the current density is Jµ.
With respect to the Hall term, we should not subtract the current density due to motion of
net charge from the total current density, Jµ, because the net charge moving in the magnetic
field causes the Hall effect. With respect to the above two points, the generalized Ohm’s
law of Meier (2004) should be corrected. When we apply our generalized GRMHD equations
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in the 3+1 formalism to the cold plasma, we find the excellent correspondence with the
equations of Khanna (1998), except for two points in the Ohm’s law. The differences in the
Ohm’s law are only concerning with the term of Θ in Equation (21) and the notation of
“ρ′eγ~v” in the current inertia term of the Ohm’s law of Khanna (1998) (Equation (65) in his
paper) and J†i in the present paper (our Equation (63)). The current inertia in the Ohm’s
law should not be proportional to the net charge density, ρ′e, because the current inertia is
significant even in the case of finite net current with zero net charge. With this point, the
generalized Ohm’s law of Khanna (1998) should be revised. Furthermore, in general, we
have to consider the contribution of the equipartition effect of thermalized energy due to
friction, which is described by the term proportional to Θ. Most of the differences of the
equations derived by Khanna (1998) and Meier (2004) from ours come from the differences
of the definitions of the variables except for the points clarified above.
We discuss the frame-dragging electromotive force in a similar way as Khanna (1998).
When we define antisymmetric and symmetric 3× 3 tensors as,
HAij ≡
1
2
(Hij −Hji), HSij ≡
1
2
(Hij +Hji), Hij ≡ − h
‡
αne
hj
hi
∂ωj
∂xi
, (121)
we can write the spatial components of the Ohm’s law (94) by
1
ne
∂
∂t
(
µh
ne
Jˆ†i
)
= − 1
ne
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Kˆij + βj
µh
ne
Jˆ†i)
]
+α
[
− 1
ne
1
hi
∂
∂xi
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆiν −
∑
j
ηδij [Jˆ
j − ρ′e(1 + Θ)Uˆ j ]
]
(122)
+
1
ne
[
−2µh
ne
1
hi
∂α
∂xi
ρ†e +
∑
j
α
(
GijKˆ
ij −GjiKˆjj
)
−
∑
j
αµHAij Jˆ
†j −
∑
j
αµHSijJˆ
†j
]
.
Because we can regard that Jˆ j corresponds to Jˆ†j , we find [µ/(ne)]HAij corresponds to
[∆µ/(ne)]Fˆij in the Hall term and [µ/(ne)]H
S
ij corresponds to the resistivity tensor ηδij in
the resistive term formally. Then, it seems that HAij plays a role of the magnetic field related
to the Hall effect, andHSij is related to the resistivity tensor. Furthermore, if we recognize the
correspondence between ∆µFij = ∆µ(∂iAj−∂jAi) and µHAij = [µh‡/(2αne)][(hj/hi)(∂ωj/∂xi)−
(hi/hj)(∂ωi/∂x
j)], we may image the correspondence between ∆µAj and [µh
‡/(2αne)]hjωj.
However, this correspondence is just formal appearance and has no real physical meaning,
because these terms of HAij and H
S
ij are not independent and should be considered simultane-
ously, unlike the Hall and resistive terms. Furthermore, the diagonal elements of HSij vanish
and can’t cause the resistive phenomena like the magnetic reconnection, which changes the
topology of the magnetic field configuration and influences the whole system drastically.
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The gravitational electromotive force,
Egrv =
(
ζ10
ρ†e
γ
, ζ20
ρ†e
γ
, ζ30
ρ†e
γ
)
=
2µh‡
(ne)2
∇(lnα)ρ†e
1
γ
, (123)
may cause the magnetic reconnection, while frame dragging and centrifugal electromotive
forces never change the topology of the magnetic field configuration. Khanna (1998) dis-
cussed this electromotive force but didn’t remark the possibility of the magnetic reconnection
due to the electromotive force. As shown in Fig. 1, let us consider a situation where the
anti-parallel azimuthal magnetic field exists beside the equatorial plane. The current sheet
is thin and localized near the equatorial plane and the current is directed radially. When
the net electric charge is distributed at the equatorial current sheet locally, the local radial
electric field is induced by the gravitational electromotive force E = Egrv. When the direc-
tion of the gravitational electromotive force Egrv is the same as that of the current density
J of the current sheet, we can define the positive effective resistivity ηgrv, which satisfies
Egrv = ηgrvJ . This effective resistivity can cause the magnetic reconnection. The sign of
ηgrv depends on the charge separation ρ
†
e and the directions of current and gravity. This
mechanism shows that the charge can cause the magnetic reconnection in the strong gravity.
It is noted that when the plasma containing magnetic fields falls freely into the black hole,
this effect disappears because there is no effective gravity on the plasma and magnetic field.
The details will be investigated in near future.
The magnetic reconnection is expected to happen frequently in the black hole magne-
tospheres as suggested by a number of long-term ideal GRMHD simulations (Koide et al.
2000, 2006; McKinney 2006). In spite of the artificial calculations of magnetic reconnection,
it is not sure whether it makes whole numerical results with ideal GRMHD fatal, because
the magnetic reconnection region, where the resistivity is significant, is very small compared
to the global scale, and other regions are able to be treated by the ideal GRMHD. In such
a case, causality would not be a so serious problem in the small region, and we would be
able to use the ideal GRMHD for such situations. This speculation should be verified more
carefully in near future.
The numerical simulation of the generalized GRMHD will be interesting. The equa-
tions of state (74) and (75) provide closures to the generalized GRMHD equations (60)-(68).
Then, the numerical calculation is primarily possible, although it becomes drastically dif-
ficult compared to the ideal GRMHD simulations. This is because we have to treat the
displacement current ∂E/∂t in the Ampere’s law and the inertia of the current density
[1/(ne)]∂[{µh‡/(ne)}J ]/∂t in the generalized Ohm’s law explicitly. In the ideal GRMHD
calculations, the former is taken into account implicitly and the latter can be neglected
properly. Furthermore, we have to consider the zeroth component of the Ohm’s law to cal-
culate the enthalpy density difference ∆h of relativistically hot plasmas around the black
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hole. Thus, appropriate simplification of the generalized GRMHD equations, especially of
the simplified Ohm’s law, is required for numerical study. The modified resistive GRMHD
may be one of the candidates.
In this last paragraph of this section, we investigate the possibility of the stationary
Ohm’s law in a uniform plasma(
Uν − ∆µ
ne
Jν
)
F µν = η[J
µ − ρ′e(1 + Θ)Uµ], (124)
to consider the simplification of the generalized Ohm’s law (Equations (20) and (21)) for
numerical simulations. The spatial components of the simplified Ohm’s law (124) are(
γ − ∆µ
ne
ρe
)
E +
(
U − ∆µ
ne
J
)
×B = η[J − ρ′e(1 + Θ)U ]. (125)
The temporal component of Equation (124) gives(
U − ∆µ
ne
J
)
·E = η(U · J ′ − ρ′eγΘ). (126)
Here, we used the relation J0 = γρ′e+U ·J ′. When we observe the quantities in the plasma
center-of-mass frame, Equation (126) yields
∆µ
ne
(J ′ ·E ′) = ηρ′eΘ. (127)
Using Equation (125) in the plasma rest frame,
(
1− ∆µ
ne
ρ′e
)
E′− ∆µ
ne
J ′×B′ = ηJ ′, we obtain
∆µ
ne
η|J ′|2 =
(
1− ∆µ
ne
ρ′e
)
ηρ′eΘ. (128)
Assuming charge quasi-neutrality and non-relativistic collision between the two fluids, we
substitute the approximation of Θ given by Equation (102) into Equation (128), then we
find
∆µ
ne
η|J ′|2 = ηρ′e
θ∆µ
2eρ′e
|J ′|2
n
=
θ∆µ
2ne
η|J ′|2.
This yields θ = 2 when ∆µ 6= 0 and Ohm heating is finite (η|J ′|2 > 0), while θ should be
less than unity. This strange result even for the uniform plasma may suggest the stationary
Ohm’s law contains a self-contradiction. This may come from the unbalance between thermal
energy gain of the two fluids; otherwise, the non-dimensional variable Θ may have to be
determined to keep its consistency. This should be clarified in near future.
I am grateful to Mika Koide, Takahiro Kudoh, Masaaki Takahashi, David L. Meier, and
Hiromi Saida for their helpful comments on this paper. This work was supported in part by
the Science Research Fund of the Japanese Ministry of Education, Culture, Sports, Science,
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Table 1. Necessary and sufficient conditions for approximation of the generalized
GRMHD, the standard resistive GRMHD, and the ideal GRMHD approaches.
approach conditions effects neglected
generalized Np > Ncrit/
√
2a
GRMHD (H < 2)
(definition of the plasma, Np ≫ 1)
standard • current inertia in the Ohm’s law
resistive ω−1p , ω
−1
c ≪ L, τ • current momentum transport
GRMHD in the Ohm’s law
• thermal electromotive force
• centrifugal electromotive force√
µ|Uˆ+ − Uˆ−| ≪ Uˆ • charge inertia and current momentum√
µ|n+ − n−| ≪ n in equations of motion and energy
∆µ|Uˆ+ − Uˆ−| ≪ Uˆ • the Hall effect
θ∆µ
∣∣∣∣ ˆJne
∣∣∣∣
2
≪
∣∣∣ ρ′ene∣∣∣ • frictionally thermalized energyequipartitionb
ω−1c ≪ (gBH)−1, µρe < neUˆ • gravitational electromotive force
ω−1p , ω
−1
c ≪ (ω†BH)−1 • frame-dragging electromotive force
∆p≪ ρ, ρ′e ≪ ne (∆h≪ h) • zeroth component of the Ohm’s law
Np > Ncrit/
√
2
(condition of generalized GRMHD)
ideal SM ≫ γ√µ • resistivity
GRMHD and all the other conditions in the table
aAs far as we consider the plasma (Np ≫ 1), this condition is satisfied well because the plasma
parameter is much larger than unity. This means that no additional condition of the relativistic two-
fluid model is required. The conditions of the two-fluid model are given by ν−1ee , ν
−1
ii ≪ τ , λe, λi ≪ L,
where νee and νii are the electron-electron and ion-ion collision frequencies and λe and λi are the
Debye lengths of electron and ion. For the electron-positron plasma, the ion-ion collision frequency
and ion Debye length are replaced by the positron-positron collision frequency and positron Debye
length, respectively.
bIf it is not satisfied, we can’t neglect the frictionally thermalized energy equipartition term with
Θ.
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Table 2. Microscopic variables (ωe−ip , ω
e−i
c , · · ·), critical scales (Lcrit and τcrit), and
characteristic scales of phenomena of plasmas around black holes (g−1BH, g
−1
BH/c, L, and τ) to
examine validity of the modified resistive GRMHD equations.
GRB BH X-ray binary
Supermassive
BH in Galaxy
AGN
GRB030329 LMC X-3 Sgr A* M87
MBH [M⊙]a 3 10 2.6× 106 3× 109
M˙ a 0.1M⊙ s−1 10−8M⊙ yr−1 10−5M⊙ yr−1 10−2M⊙ yr−1
ρ [g cm−3]a 1.6× 1010 0.0072 1.5× 10−6 1.3× 10−8
T [K]a 1.2× 1010 1.8× 108 3.5× 105 7.1× 104
B [G]a 2.7× 1014 1.1× 106 1.4× 102 3.7
ωe−ip [s
−1] 5.4× 1021 3.6× 1015 5.3× 1013 4.9× 1012
ωe−ic [s
−1] 2.5× 1018 1.0× 1010 1.3× 106 3.5× 104
1/ωe−ip [s] 1.9× 10−22 2.8× 10−16 1.9× 10−14 2.0× 10−13
1/ωe−ic [s] 4.0× 10−19 1.0× 10−10 7.7× 10−9 2.9× 10−5
c/ωe−ip [m] 5.6× 10−14 8.3× 10−8 5.7× 10−6 6.1× 10−5
c/ωe−ic [m] 1.2× 10−10 0.030 230 8.6× 103
Lcrit [m] 5.6× 10−10 0.030 230 8600
τcrit [s] 4.0× 10−19 1.0× 10−10 7.7× 10−9 2.9× 10−5
g−1BH ∼ rS [m] 9.0× 103 3.0× 104 7.8× 109 9.0× 1011
g−1BH/c ∼ rS/c [s] 3.0× 10−5 1.0× 10−4 26 3000
L & LCS [m]
b 480 10 2.3× 104 7.5× 105
τ & LCS/c [s]
b 1.6× 10−6 3.3× 10−8 7.7× 10−5 2.5× 10−3
aData are from McKinney (2004)
bThe minimum values of L and τ are estimated by the thickness (LCS) and the
light transit time (LCS/c) of the current sheet caused by MRI in the disk.
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A. 3+1 formalism of divergence of tensors
We derive a 3+1 formalism of the covariant equation
∇νSµν = Hµ, (A1)
for the arbitrary symmetric tensor Sµν , which satisfies Sµν = Sνµ. We have the relations
between any tensor Sµν and the corresponding tensor observed by the ZAMO frame Sˆµν ,
S00 =
1
α2
Sˆ00, Si0 = S0i =
1
αhi
(Sˆ0i+βiSˆ00), Sij =
1
hihj
(Sˆij+βiSˆ0j+βjSˆi0+βiβjSˆ00).
(A2)
Using Γλµλ = ∂µ(log
√−g), we obtain
∇νSµν = 1√−g
∂
∂xν
(√−gSµν)+ ΓµσνSσν . (A3)
With the symmetry of Sµν , we have
ΓµνλS
λν = −1
2
gµj(∂jgκλ)S
λκ + gµλ(∂jgκλ)S
κj. (A4)
Using Equations (A2) and (A4), we get
ΓµσνS
σν =
[
Aµ
α2
+
∑
j
βj
αhj
Bµj +
∑
j,k
βjβk
hjhk
Cµkj +
∑
j
(
βj
hj
)2
Dµj
]
Sˆ00
+
∑
j
1
hj
[
Bµ
α
+
∑
k
βk
hk
Cµjk +
∑
k
βk
hk
Cµjk + 2
βj
hj
Dµj
]
Sˆj0 (A5)
+
∑
j,k
1
hjhk
CµkjSˆ
kj +
∑
j
1
h2j
Dµj Sˆ
jj,
where
Aµ = −
∑
l
1
2
gµl(∂lg00),
Bµj = g
µ0(∂jg00) +
∑
l
gµl(∂jg0l − ∂lg0j),
Cµkj = g
µ0(∂jgk0) + g
µk(∂jgkk), (A6)
Dµj = −
∑
l
1
2
gµl(∂lgjj).
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Using Equations (31), (33), and (35) of hi, β
i, and α, we have
Ai =
1
2hi
∂ih
2
0 −
∑
l
1
2hihl
βiβl∂lh
2
0,
Bij =
βi
αhi
∂jh
2
0 +
1
h2i
[−∂j(hiαβi) + ∂i(hjαβj)]−∑
l
βiβl
hihl
[−∂j(hlαβl) + ∂l(hjαβj)] ,
C ikj =
βi
αhi
∂j(hkαβ
k) +
δik
h2i
∂jh
2
i −
βiβk
hihk
∂jh
2
k, (A7)
Dij = −
1
2h2i
∂ih
2
j +
∑
l
βiβl
2hihl
∂lh
2
j ,
A0 = −
∑
j
βj
2αhj
∂jh
2
0,
B0j =
1
α2
∂jh
2
0 −
∑
k
βk
αhk
[−∂j(hkαβk) + ∂k(hjαβj)] ,
C0kj =
1
α2
∂j(hkαβ
k)− β
k
αhk
∂jh
2
k,
D0j =
∑
k
βk
2αh2k
∂kh
2
j .
Then, we get
∂
∂t
(Sˆi0 + βiSˆ00) +
1
h1h2h3
∑
j
∂
∂xν
[√−g
hj
(
Sˆij + βiSˆ0j + βjSˆi0 + βiβjSˆ00
)]
−
∑
j
α
hihj
∂hi
∂xj
(
Sˆij + βiSˆ0j + βjSˆi0 + βiβjSˆ00
)
+ αhiΓ
i
νλS
λν = α(Hˆ i + βiHˆ0),(A8)
∂
∂t
Sˆ00 +
1
h1h2h3
∑
j
∂
∂xj
[√−g
hj
(
Sˆ0j + βjSˆ00
)]
−
∑
j
1
hj
∂α
∂xj
(
Sˆ0j + βjSˆ00
)
+ α2Γ0νλS
λν = αHˆ0. (A9)
Subtracting Equation (A9) multiplied by βi from Equation (A9), we have
∂
∂t
Sˆi0 +
1
h1h2h3
∑
j
∂
∂xj
[√−g
hj
(
Sˆij + βjSˆi0
)]
−
∑
j
α
hihj
∂hi
∂xj
(
Sˆij + βiSˆ0j + βjSˆi0 + βiβjSˆ00
)
+
∑
j
1
hj
∂
∂hj
(αβi)
(
Sˆ0j + βjSˆ00
)
+αhiΓ
i
νλS
λν − βiα2Γ0νλSλν = αHˆ i. (A10)
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Substituting Equations (A5) and (A7) into Equations (A9) and (A10), we finally obtain
∂
∂t
Sˆ00 +
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(
Sˆ0j + βjSˆ00
)]
+
∑
j
1
hj
∂α
∂xj
Sˆj0
+
∑
j,k
αβk(GkjSˆ
kj −GjkSˆjj) +
∑
j,k
σjkSˆ
jk = αHˆ0, (A11)
∂
∂t
Sˆi0 +
1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(
Sˆij + βjSˆi0
)]
+
1
hi
∂α
∂xi
Sˆ00
−
∑
j
α
[
GijSˆ
ij −GjiSˆjj + βj(GijSˆ0i −GjiSˆ0j)
]
+
∑
j
σjiSˆ
0j = αHˆ i. (A12)
B. Dispersion relation of electromagnetic wave in unmagnetized plasma
We derive the dispersion relation of the electromagnetic wave in a uniform, unmagne-
tized plasma with ρ = ρ¯, Uµ = (1, 0, 0, 0), p = p¯, h = h¯, ∆h = ∆h¯, ∆p = ∆p¯, Fµν = 0, and
Jµ = 0 in the Minkowski space-time. When perturbations due to the electromagnetic wave
to the uniform variables are written by ρ˜ = ρ − ρ¯, p˜ = p − p¯, h˜ = h − h¯, ∆h˜ = ∆h − ∆h¯,
∆p˜ = ∆p−∆p¯, U˜µ = (0, U˜), F˜µν = Fµν (E˜ = E, B˜ = B), J˜µ = Jµ, we have the linearized
equations in the 3-vector form,
∂
∂t
ρ˜+ ρ¯∇ · U˜ = 0, (B1)
∂
∂t
h˜+
4µ∆h
n¯e
∂
∂t
ρ˜e − ∂
∂t
p˜+ h¯∇ · U˜ + 2µ∆h¯
n¯e
∇ · J˜ = 0, (B2)
h¯
∂
∂t
U˜ +
2µ∆h¯
n¯e
∂
∂t
J˜ = −∇p˜, (B3)
µh¯‡
(n¯e)2
∂
∂t
J˜ +
2µ∆h¯
n¯e
∂
∂t
U˜ =
1
2n¯e
∇(∆µp˜−∆p˜) + E˜ − ηJ˜ ,(B4)
h¯‡
2(n¯e)2
∂
∂t
ρ˜e +
1
2n¯e
∂
∂t
∆h˜+
1
8µn¯e
∂
∂t
(∆µp˜−∆p˜) + h¯
‡
(2n¯e)2
∇ · J˜ + ∆h¯
2n¯e
∇ · U˜ = 0,(B5)
∇ · E˜ = ρ˜e, (B6)
∇ · B˜ = 0, (B7)
∂
∂t
B˜ = −∇× E˜, (B8)
J˜ +
∂
∂t
E˜ = ∇× B˜. (B9)
In this Appendix, we note an equilibrium variable with a bar, and a perturbation with a
tilde. We also assume the resistivity is uniform and constant, and the perturbation of any
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variable A˜ is proportional to exp(ik · r − iωt) = exp(iηµνkµxν), where kµ = (ω,k) is the
constant contravariant vector called the wave number 4-vector. For simplicity, we investigate
the transverse mode of the electromagnetic wave in an unmagnetized plasma, thus we set
E˜, B˜, U˜ ⊥ k. (B10)
Then, we have the following linearized equations:
ρ˜ = 0, (B11)
h˜+
4µ∆h˜
n¯e
− p˜ = 0, (B12)
4µ
(
h¯‡
n¯e
ρ˜e +∆h˜
)
+ ∆µp˜−∆p˜ = 0, (B13)
−iω
(
h¯U˜ +
2µ∆h¯
n¯e
J˜
)
= 0, (B14)
−iω µ
n¯e
(
h¯‡
n¯e
J˜ + 2∆h¯U˜
)
= E˜ − ηJ˜ , (B15)
−iωB˜ = −ik × E˜, (B16)
J˜ − iωE˜ = ik × B˜, (B17)
ρ˜e = 0. (B18)
After some algebraic calculations, we obtain the dispersion relation of the electromagnetic
wave, [
η − iω µ
(n¯e)2h¯
(
h¯‡h¯− 4µ(∆h¯)2)] (k2 − ω2) = iω. (B19)
This dispersion equation is identical to that of the electromagnetic wave in the pair plasma
when we regard 4µ(h¯‡−4µ(∆h¯)2/h¯) as the enthalpy density h in Koide (2008). Koide (2008)
proved that the group velocity of the dispersion relation (Equation (B19)) is less than or
equal to the light speed if
H =
(n¯eη)2
µ[h¯‡ − 4µ(∆h¯)2/h¯] < 2. (B20)
C. Relation between H and plasma parameter
We show the relation between H and the plasma parameter. Using the definition of h‡
and ∆h (Equations (13) and (16)), we have
µ[hh‡ − 4µ(∆h)2]
h
= n4
h+h−
(n+n−)2h
. (C1)
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From Equation (B20), we obtain
H =
(ηe
n
)2 (n+n−)2h
h+h−
, (C2)
where we omit the bars on the mean variables. We consider the nonrelativistic situations
where the classical resistivity,
η =
e2
2πµm
ln Λ
v3r
, (C3)
is valid (Bellan 2006), where vr is the average relative velocity of the two fluid particles
and lnΛ is the Coulomb logarithm, which is an order of 10. We use the expression of the
averaged velocity by
vr =
(
f+
p+
m+n+
+ f−
p−
m−n−
)1/2
, (C4)
where f± is the degrees of the freedom of the two fluid particles. Then, we give the expression
of the resistivity by
η =
e2 lnΛ
2πµm
(
f+
p+
m+n+
+ f−
p−
m−n−
)−3/2
. (C5)
Here, we define the plasma parameter of the plasma with/without the charge neutrality by
Np =
√
n+n−λ
3
D, (C6)
where λD is the Debye length (see Bellan 2006),
1
λ2D
=
(n+e)
2
p+
+
(n−e)2
p−
. (C7)
In general, we define the plasma as a particle ensemble where the Debye cube contains a
plenty of both positively and negatively charged particles,
n+λ
3
D ≫ 1, n−λ3D ≫ 1. (C8)
Therefore, we use the condition of the plasma Np ≫ 1 as far as we consider the plasma.
Using the inequality of the arithmetic mean and geometric mean
1
2
[
f+
p+
m+n+
+ f−
p−
m+n−
]
≥
√
f+
p+
m+n+
f−
p−
m+n−
,
1
2
[
n2+
p+
+
n2−
p−
]
≥
√
n2+
p+
n2−
p−
,
– 33 –
we get
HN2p ≤
m+n− +m−n+
m
√
n+ n−
[
26
(
2π
ln Λ
)2
(f+f−)
3/2µ3/2
]−1
<
[
28
( π
ln Λ
)2
µ3/2ζ1/2
]−1
≡ N2crit,
(C9)
because f± ≥ 1, where ζ is the variable related to the charge neutrality, ζ ≡ n+n−/(n++n−)2.
For the neutral plasma, ζ is 1/4 and ζ decreases as the break of the charge neutrality gets
stronger. Then, if Np > Ncrit/
√
2, we confirm H < 2. Here, we evaluate Ncrit as
Ncrit =
lnΛ
24π
µ−3/4ζ−1/4. (C10)
Eventually, we have the scaling
Ncrit = 0.281µ
−3/4
(
ln Λ
10
)(
ζ
1/4
)−1/4
(C11)
=


84
(
ln Λ
10
) (
ζ
1/4
)−1/4
(for electron-ion plasma, µ = 5× 10−4)
0.80
(
ln Λ
10
) (
ζ
1/4
)−1/4
(for pair plasma, µ = 1/4)
. (C12)
When Np is so large that Np > Ncrit/
√
2, causality of the GRMHD equations (Equations
(18)-(20), (3), and (4)) is satisfied.
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Fig. 1.— A schematic picture of the magnetic reconnection induced by the gravitational
electromotive force. A pair of flow is induced by the magnetic reconnection.
